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Abstract
In this letter we examine the interrelation between Noether symmetries, master symmetries and recursion
operators for the Toda lattice. The topics include invariants, higher Poisson brackets and the various relations
they satisfy. For the case of two degrees of freedom we prove that the Toda lattice is super-integrable.
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1. Introduction
In this letter we illustrate some connections between two major approaches to studying integrable
Hamiltonian systems. The first approach uses Lie group analysis to obtain symmetries of differential
equations. The second approach uses standard techniques in the theory of integrable systems which
include Lax pair formulations, master symmetries and Poisson brackets. The main link between the
two approaches is Noether’s theorem. Noether proved that a physical system whose Lagrangian is
invariant with respect to the symmetry transformation of a Lie group has a conservation law (constant
of motion) for each generator. This is of course the main problem in Hamiltonian integrable systems:
the search for invariants. If enough invariants exist, then the system is integrable and classical results
allow the integration of the equations of motion. The available techniques are limited; we mention
the Hamilton–Jacobi method of separation of variables, Painleve analysis, the Lax pair approach and
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Noether’s theorems. In recent work, the bi-Hamiltonian approach of Magri [1] has been proven useful
in conjunction with the method of separation of variables; the related concept of master symmetries is
useful in the Lax approach. In this paper we show that the master symmetries may be generated from
the knowledge of the hierarchy of Poisson brackets and a master integral that is obtained via Noether’s
theorem. We have chosen to illustrate our results on the most typical system, the Toda lattice. However,
the procedure is general and may be used for other integrable systems as well. In this letter we also
examine point and generalized Noether symmetries, and for the case of two degrees of freedom we
produce a new integral which is not polynomial. Based on this two dimensional example we conjecture
that the Toda lattice is super-integrable. A Hamiltonian system with N degrees of freedom is called
super-integrable if it possesses 2N − 1 integrals of motion.
2. Toda lattice
The Toda lattice is a Hamiltonian system with Hamiltonian function
H (q1, . . . , qN , p1, . . . , pN ) =
N∑
i=1
1
2
p2i +
N−1∑
i=1
eqi −qi+1 . (1)
The function q j (t) is the position of the j th particle and p j (t) is the corresponding momentum. This is
the classical, finite, nonperiodic Toda lattice. This system was investigated in [2–6] and numerous other
papers that are impossible to list here.
Let J1 be the symplectic bracket with Poisson matrix
J1 = 4
(
0 I
−I 0
)
,
where I is the N × N identity matrix. We define J2 to be the tensor
J2 = 2
(
A B
−B C
)
,
where A is the skew-symmetric matrix defined by ai j = 1 = −a j i for i < j , B is the diagonal matrix
(−p1,−p2, . . . ,−pN ) and C is the skew-symmetric matrix whose non-zero terms are ci,i+1 = −ci+1,i =
eqi−qi+1 for i = 1, 2, . . . , N − 1. This bracket is due to Das and Okubo [7]; see also [8].
We define
h1 = −2(p1 + p2 + · · · + pN ),
and h2 to be the Hamiltonian H . Then we have the following bi-Hamiltonian pair:
J1∇ h2 = J2∇ h1.
We define the recursion operator R = J2 J−11 and the higher order Poisson tensors Ji = Ri−1 J1. We
finally define the conformal symmetry
Z0 =
N∑
i=1
(N − 2i + 1) ∂
∂qi
+
N∑
i=1
pi
∂
∂pi
, (2)
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and the master symmetries
Zi = Ri Z0.
It is straightforward to verify that
LZ0 J1 = −J1, LZ0 J2 = 0.
In fact, Z0 is Hamiltonian in the J2 bracket with Hamiltonian function f = 12
∑N
i=1 qi ; see [8]. This
observation will be generalized in Section 4. In addition,
Z0(h1) = h1, Z0(h2) = 2h2.
Consequently, Z0 is a conformal symmetry for J1, J2 and h1. According to a theorem of Oevel [9] we
end up with the following deformation relations:
[Zi , h j ] = (i + j)hi+ j , L Zi Jj = ( j − i − 2)Ji+ j , [Zi , Z j ] = ( j − i)Zi+ j .
3. Lie point symmetries for the Toda lattice
We assume that the reader is familiar with the concept of symmetry group for a system of differential
equations. There are a number of excellent books on the subject, e.g. [10–13].
For a Hamiltonian of the form
H =
N∑
i=1
1
2
p2i + V (q1, q2, . . . , qN ), (3)
the Euler–Lagrange equations become
q¨i = −Vqi , i = 1, 2, . . . , N . (4)
The method for finding Lie point symmetries is well known. One searches for generators
X = T ∂
∂t
+
N∑
i=1
Qi
∂
∂qi
, (5)
corresponding to the infinitesimal transformations t ′ = t + T , q ′i = qi + Qi , to the first order in .
The functions T and Qi are point symmetries, i.e. they are functions of t and q1, . . . , qN only. When the
extension X (2) of X is applied to Eq. (4) the resulting equations are identically zero, modulo the system
of equations under consideration. Here we require that
X (2){q¨i + Vqi } = 0
identically, modulo Eq. (4).
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We have calculated the symmetries for the potential of the Toda lattice. They form a five dimensional
Lie algebra with generators
X1 = ∂
∂t
X2 = t ∂
∂t
− 2
N∑
i=2
(i − 1) ∂
∂qi
X3 =
(
N∑
i=1
qi
)
N∑
i=1
∂
∂qi
X4 =
N∑
i=1
∂
∂qi
X5 = t
N∑
i=1
∂
∂qi
.
(6)
The non-zero bracket relations satisfied by the generators are:
[X1, X2]= X1
[X1, X5]= X4
[X2, X3]=−2X4
[X2, X5]= X5
[X3, X4]=−2X4
[X3, X5]=−2X5.
This Lie algebra L is solvable with L (1) = [L , L] = {X1, X4, X5}, L (2) = {X4} and L (3) = {0}.
We examine the symmetry X5. A corresponding time dependent integral produced from Noether’s
theorem is
I = 1
2
N∑
i=1
qi − 12 t
N∑
i=1
pi .
Motivated by the results of [14,15] it makes sense to consider the time independent part of I which
is precisely the function f = 12
∑N
i=1 qi . We noticed earlier that Z0 is Hamiltonian with respect to the
J2 bracket with Hamiltonian function f = 12
∑N
i=1 qi . This observation is due to Fernandes [8] and was
generalized in [16].
4. Generating master symmetries
Theorem 1. The master symmetry Zn is the Hamiltonian vector field of f with respect to the Jn+2
bracket.
Outline of proof. As a first step we show that
Zn( f ) = 0 ∀ n ≥ 0.
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Using the form (2) of Z0 and the relation
N∑
i=1
(N + 1 − 2i) = 0,
we obtain
Z0( f ) = 12 Z0
(
N∑
i=1
qi
)
= 1
2
(
N∑
i=1
Z0(qi )
)
= 0.
In a similar fashion one proves that Z1( f ) = Z2( f ) = 0.
For n > 2, we proceed by induction:
Zn( f ) = 1
n − 2 [Z1, Zn−1]( f ) =
1
n − 2(Z1 Zn−1 f − Zn−1 Z1 f ) = 0,
by the induction hypothesis.
To complete the proof of the theorem, it is enough to show
Zn = [Jn+2, f ],
where [ , ] denotes the Schouten bracket (see [17], pp. 5514–5515).
First we note that
[[Jn+1, f ], Z1] + [[ f, Z1], Jn+1] + [[Z1, Jn+1], f ] = 0
due to the super-Jacobi identity for the Schouten bracket. Since
[Z1, f ] = Z1( f ) = 0,
the middle term in the last identity is zero. We obtain
[Z1, [Jn+1, f ]] = [[Z1, Jn+1], f ].
Finally, we calculate using induction:
Zn = 1
n − 2 [Z1, Zn−1]
= 1
n − 2 [Z1, [Jn+1, f ]]
= 1
n − 2 [[Z1, Jn+1], f ]
= 1
n − 2([(n − 2)Jn+2, f ])
=[Jn+2, f ]. 
The result of the theorem is striking. It shows that the master symmetries are determined once
the Poisson hierarchy is constructed. We also remark that the integrals are also determined from the
knowledge of the Poisson brackets and the function f . For example, it follows easily from Theorem 1
that
hi+1 = 1i + 1 {hi, f }3,
where { , }3 denotes the cubic Toda bracket.
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5. Noether symmetries
Emmy Noether’s theorem is one of the great discoveries of 20th century mathematical physics. The
theorem is about a relationship between symmetries and conserved quantities and it was crucial to the
later development of quantum gauge field theory and string theory. The work followed upon David
Hilbert’s discovery of the variational principle from which he derived the field equations of general
relativity.
A good review of Noether’s Theorem and generalizations is [18]. See also some related
papers [19–21].
Noether’s theorem associates a conservation for the Euler–Lagrange equations with each variational
(or Noether) symmetry. For example, translation invariance leads to conservation of momentum,
rotational invariance corresponds to conservation of angular momentum and time translation invariance
leads to conservation of energy. Noether symmetries are usually a proper subalgebra of the whole
Lie algebra of point symmetries. Noether’s theorem has the great advantage that, once the symmetry
is known, the integral follows immediately. The disadvantage of the method is first, we should have
a Lagrangian (or Hamiltonian) formulation and second, it is sometimes necessary to use velocity-
dependent transformations. For systems without a Lagrangian formulation one may use the method of
the Lie theory of extended groups which applies to an arbitrary differential equation, see i.e. [22].
We recall that Noether’s theorem states that for a first order Lagrangian, the action integral
∫ t2
t1
Ldt
is invariant under the infinitesimal transformation generated by the differential operator, known as a
Noether symmetry,
X = T ∂
∂t
+
N∑
i=1
Qi
∂
∂qi
(7)
if there exists a function F , known as a gauge term, such that
F˙ = T ∂L
∂t
+
N∑
i=1
Qi ∂L
∂qi
+
N∑
i=1
(Q˙i − q˙i T˙ ) ∂L
∂ q˙i
+ T˙ L . (8)
When the corresponding Euler–Lagrange equation is taken into account, Eq. (8) can be manipulated to
yield the first integral
I = F −
[
T L +
N∑
i=1
(Qi − q˙i T ) ∂L
∂ q˙i
]
. (9)
Thus for every Noether symmetry there is an associated first integral. Consider a Lagrangian of the form
L = 1
2
N∑
i=1
q˙i 2 − V (q1, q2, . . . , qN ). (10)
We summarize the results of [23] in the following theorem:
Theorem 2. Let X be the N × 1 vector with entries Qi , x the vector with entries qi and b the vector with
entries bi(t). Let A be an N × N skew-symmetric matrix with constant entries. Finally we denote by IN
the N × N identity matrix. If X, given by (7), is a Noether symmetry then the infinitesimals must be of
the form
T = T (t)
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X=
(
A + 1
2
dT
dt
IN
)
x + b, (11)
and the gauge term is restricted to
F = 1
4
d2T
dt2
N∑
i=1
q2i +
N∑
i=1
dbi (t)
dt
qi + d(t). (12)
By examining the form (6) of the generators for the Toda lattice we conclude, using Theorem 2, that
only X1, X4 and X5 are Noether symmetries. The corresponding integrals provided by Noether’s theorem
are the Hamiltonian H , the total momentum h1 = p1 + · · · + pN and f + th1.
In order to obtain more integrals we consider generalized Noether symmetries. That is, the
infinitesimals in (7) do not just depend on t, q1, . . . , qN but also on q˙1, . . . , q˙N . For Lagrangians of
the form (10) for one, two and three degrees of freedom, all the possible point Noether symmetries are
classified in [23]. In the case of generalized symmetries, we can take without loss of generality T = 0.
Hence, we consider operators of the form
G =
N∑
i=1
ηi
∂
∂qi
(13)
where the infinitesimals of (7) and (13) are related by
ηi = Qi − q˙i T .
Using (10) and (13), Noether’s condition (8) becomes:
ft +
N∑
i=1
q˙i fqi +
N∑
i=1
q¨i fq˙i =
N∑
i=1
ηi Vqi +
N∑
i=1
q˙i
(
ηit +
N∑
j=1
q˙ jηiq j +
N∑
j=1
q¨ jηiq˙ j
)
. (14)
The coefficients of q¨i in (14) give the N relations
fq˙i = q˙i
N∑
j=1
ηiq j .
Solving these relations we obtain
f =
N∑
i=1
q˙iηi − Φ(t, q, q˙) (15)
where ηi = Φqi . We note that from (8), (9), I = Φ. Now Eq. (15) simplifies (14) to
Φt +
N∑
i=1
q˙iΦqi −
N∑
i=1
VqiΦq˙i = 0. (16)
We consider Eq. (16) in the case of the Toda lattice with two degrees of freedom. We solve the equation
and produce the following integrals one of which (I3) is new:
I1 = p1 + p2, I2 = (p1 − p2)2 + 4eq1−q2,
I3 = p1 − p2 +
√
I2
p1 − p2 − √I2 exp
(√
I2
q1 + q2
p1 + p2
)
.
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Note that H = 14(I 21 + I2) and that the function G = q1+q2p1+p2 which appears in the exponent of I3 satisfies{G, H } = 1.
The existence of the integral I3 shows that the two degrees of freedom Toda lattice is super-integrable
with three integrals of motion {I1, I2, I3}. A Hamiltonian system with N degrees of freedom is called
super-integrable if it possesses 2N − 1 integrals of motion. Of course these integrals cannot be all in
involution. Based on this computation for 2 degrees of freedom we make the following conjecture:
Conjecture. The Toda lattice is super-integrable.
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